We calculate structure functions at small x both under the assumption of a hard singularity (essentially, a power behaviour for x → 0), and that of a soft-Pomeron dominated behaviour (also called double scaling limit). A full next to leading order (NLO) analysis is carried for the functions F2, F Glue and the longitudinal one FL in ep scattering, and for xF3 in neutrino scattering. The results of the calculations are compared with experimental data, particularly the recent ones from HERA, in the range x ≤ 0.032, 12 GeV 2 ≤ Q 2 ≤ 1 200 GeV 2 . We get a very good description of the data, with a chi-sqared/d.o.f. near unity, with only three-four parameters for both assumptions. The quality of the results, and in particular of the predictions for F Glue , FL is only marred by the very large size of the NLO corrections for the singlet part of F2. This, in particular, forbids a truly reliable determination of the QCD parameter, Λ.
1.INTRODUCTION
In two recent papers [1, 2] it was shown how the recent HERA data [3, 4] on electroproduction at small x coud be very well fitted by the formulas, proposed long ago by C. López and one of us [5, 6] which to leading order (LO) read, 
3a)
and
These formulas follow at leading order from perturbative QCD, plus the assumption that the leading singularity in n of the matrix elements (for e.g. the singlet case) p|a n |p ; a n =    q
are located to the right of those of the corresponding anomalous dimensions, D, d N S (For more details, see refs. 1, 5, 6, 7) . An alternate possibility, that may be called "soft-Pomeron" dominated, occurs when the singularity of D is the leading one; it was proposed first by De Rújula et al. [9] The ensuing LO behaviour for the structure functions F S , F G was evaluated in detail by F. Martin [10] and, for R, in ref. 8 . The next to leading order (NLO) corrections to F S were given in ref. 11 . To LO one has,
, to be compared with Eqs. (1.1), (1.3) . We will discuss this possibility in Sect. 4. Returning to our first case, the analysis was extended in ref. 2 to practically the whole range of HERA data at the cost of introducing phenomenological correction terms for "large" values of x, x > 0.01, and small Q 2 < 12 GeV 2 . Moreover, only the LO prediction for R was evaluated. Here we go a few steps forward, in the following directions. First, we perform a full NLO analysis, including that of the longitudinal structure function. Second, we include in the analysis the function xF 3 for neutrino scattering which provides pure nonsinglet function, hence a combination independent from that in (1.1a) . This helps stabilize the results and even allows a determination of the QCD parameter Λ. Finally, for the hard Pomeron case, we include theoretically justified corrections, and resummations, which enable us to extend the range of validity of the formulas (as determined e.g. in ref. 1) and to paliate somewhat the effects of the hughe size of the NLO corrections to the singlet component of F 2 , which are of some (80/4π)α s .
For the soft Pomeron dominance hypothesis we again perform a full NLO calculation, including NLO corrections to F S , F G and F L . These corrections are, also in this case, very large. It is precisely the size of the corrections which provides the only serious motive of indeterminacy in our results, otherwise able to describe reasonably well the HERA data in a wide range, and providing believable predictions for the gluon and longitudinal structure functions. This agreement of theoretical predictions and data is essentially true both for the soft and hard Pomeron hypotheses, an apparently surprising fact that is discussed in Sect. 5.
THEORETICAL EVALUATIONS
We will here briefly rederive the extension to NLO of the equations governing the behaviour of structure functions as x → 0; not only for ease of reference, but because the large size of the singlet NLO corrections makes it convenient to use formulas more precise than those used in refs. 2, 6. We will also extend the analysis to the longitudinal structure function at NLO.
Nonsinglet
Defining the moments µ N S (n, Q 2 ) = 1 0 dx x n−2 F N S (x, Q 2 ), (2.1) they satisfy the QCD evolution equations µ N S (n, Q 2 ) = e − t t 0 dt ′ γNS(n,g(t ′ )) C N S (n, α s (Q 2 )), (2.2) where t = log Q 2 , g is the coupling constant, γ N S the nonsinglet (NS) anomalous dimension, and C N S the NS Wilson coefficient 1 . The first singularity of γ N S to LO and NLO lies at n = 0. If we assume this to occur to all orders, and that F N S behaves like a power x ρ as x goes to zero, we get the following behaviour from (2.2):
Expanding γ N S , g, C N S to second order and integrating we get,
N S (n) 2β 0 .
1 The anomalous dimensions and coefficients are collected in the Appendix for ease of reference.
3
The expressions for the β i , C N S , γ (i) N S may be found in refs. 6, 7. Eq. (2.4) may be conveniently rewritten (suppresing the dots) as
5)
an expression 2 in which the modifications of (1.2) due to the NLO corrections is apparent. One can also expand the exponent in (2.5) and get
N S + q N S . For ρ = 0.5, a value that follows from a Regge analysis and that we will adopt here, one finds v N S | ρ=0.5,n f =4 = 3.42, (2.7)
so the NLO correction is small and we may use (2.5) or (2.6) indifferently.
Singlet
Eq. (2.2) is now replaced by the coupled equations
.
Here γ γ γ γ γ, C are square matrices; the operation T in (2.8) is like the familiar time ordering operator but it now orders in t = log Q 2 . This ordering, and the matrix character of the equations complicates the singlet analysis, the details of which may be found in refs. 6, 7. To next to leading order we may easily write the analogue of (2.4), (2.5) as 9) or, suppresing the dots and in a form easier to compare with the LO expression (1.1b),
10a)
A corresponding equation for the gluon component we will consider later. In above equations we have
12 ,
and S is the matrix that diagonalizes D:
One can also expand the exponential in (2.10a) and get
Theγ, q, c, w are collected in the Appendix. Unfortunately, w S is very large. For λ = 0.35, n f = 4, w S = 77.8. Therefore, we are faced with the choice of using the exponential form (2.10) or the expanded one (2.10 ′ ). The exponential form has errors of order α 2 s because the noncommutativity of γ γ γ γ γ (0) , γ γ γ γ γ (1) makes the T -exponential different from the ordinary exponential. If we use the expanded form (2.10 ′ ) we have other errors (also of order α 2 s ) due to the large size of the neglected term O[q S (1 + λ)α s /4π] 2 . It is unclear a priori which of the two procedures will be more accurate, although the abnormally large size of q S (1 + λ) suggests that the exponentiated form will be more precise; note that the perturbative expansion still makes sense, for the exponent, in that for reasonably large
In fact, and as we will see, the exponentiated form produces somewhat more satisfactory results than the expanded one. At any rate, we will use both (2.10) and (2.10 ′ ): one may take the difference as an indication of the theoretical error of our calculation. Similar considerations of course apply to the gluon component that we discuss next, although in this case the correction is much smaller (∼ 15α s /4π) so use of exponentiated or expanded form is essentially equivalent here and only consistency with the quark component will make us use one or the other. We then have,
where now
In expanded form,,
(2.10 ′ b)
The longitudinal structure function
We normalize the longitudinal structure function F L in such a way that one has
It is also convenient to define the quantity R ′ by
For x → 0 the contribution of F N S is negligible with respect to that of F S and we will accordingly neglect it; the effect of taking it into account, to LO, may be found in ref. 8 . The function F L may be evaluated in terms of F S , F G . One has,
where the kernels C L are,
The functions c (1)L N S,P S,G are described in the Appendix 3 . Under our assumptions, Eqs. (2.10), the behaviour of F L follows immediately; we have, 13) and η is the ratio
To LO a simple evaluation gives [8] 
(2.14)
To NLO the calculation is made numerically. For this, define the integrals (whose values may be found in the Appendix), and write, in exponentiated form,
with R (0) as above and
LO calculations. For ease of comparison we present here the results of a fit to the old (1993) Zeus data [3] , as performed in ref. 1. The calculation is carried for 32 points in the range
Because of the size of the experimental errors a LO calculation is suficient, and the NS contribution may be neglected. The QCD parameter Λ is fixed to 0. From these results it is clear that the data do not discriminate between n f = 4, 5, although the first value is slightly favoured. For this reason we will give almost exclusively fits with n f = 4
One can consider fitting also the QCD parameter, Λ. In this case one discovers that, due to the slow, logarithmic variation of α s with Λ and the large size of the experimental errors, the effect of altering Λ may be largely compensated by a change in B S . As an indication, we give the results of an evaluation with a small Λ in Table II . NLO evaluation. If we only fit the H1 points with x < 10 −2 , Q 2 ≥ 12 GeV 2 using the exponentiated formulas, we get a χ 2 /d.o.f. is less than one, with parameters reported in Table III . Table III . n f = 4; Λ(n f = 4, 2 loop) fixed to 0.11 GeV.
However, it is still not possible to give any value for the QCD parameter Λ. The reason is that the interplay between singlet and nonsinglet parts compensates the effect of varying Λ. For example, a χ 2 /d.o.f. less than one is attained for 3 MeV ≤ Λ ≤ 260 MeV. This is why we do not give errors in the parameters in Table III .
We may improve the situation in two ways. First, and as discussed in ref. 1, we can include more points limited by a certain Q 2 (x) beyond which corrections to the leading behaviour become important. To be precise, we choose the H1 points with ( Fig. 1 )
with a total of 77 points. Secondly, we incorporate small x data (a total of 10 points) from the neutrino structure function [15] xF 3 which is pure nonsinglet and hence provides the independent measurement necessary to disentangle the singlet and nonsinglet components of F 2 : this, as we will see, gives stability to the results.
The outcome of the fits is given in Tables IV, with Λ a free parameter. The χ 2 /d.o.f. is reasonable, although its increase beyond unity reflects the fact that the subleading effects are substantial for the points with x = 0.013 ∼ 0.032. The values of Λ we obtain are compatible with standard ones [16] , albeit on the small side. Because the parameters are very strongly correlated the errors given are obtained not by varying the parameters independently, but by varying only Λ and treating the other parameters as dependent quantities.
The results reported in Tables IV were obtained with the exponentiated formula. If we use the expanded one, Eq. (2.10 ′ a) we find the results of Table IV ′ . We do not give errors, but the results of the fit for a representative value of Λ: that for which the fit with the exponentiated formula is optimum. This is because there is no optimum reasonable value of Λ if using the nonexponentiated expression; the χ 2 decreases slowly with Λ down to a few MeV.
Let us now turn to the corrections that will enable us to extend the calculation to all points with x ≤ 0.032, Q 2 ≥ 12 GeV 2 (Fig. 1 ). We take them into account semi-phenomenologically 4 by replacing (2.10a) with
2a)
and fixing ν(Q 2 ) so that, for small Q 2 , we agree with the result of the counting rules for x → 1 and, for large Q 2 , we satisfy the momentum sum rule,
Specifically, we choose
(3.2b)
Note that this does not introduce any new parameter. For F N S we replace (2.6) by
2c)
but, because the NS component is only relevant at small values of Q 2 we fix ν N S = 3 independent of Q 2 (actually, the χ 2 varies by less than one unit for 0 ≤ ν N S ≤ 4). Then, we still write F 2 = e 2 q [F S + F N S ], and, for neutrino scattering, The results of the fit are presented in Table V , for the exponentiated expression, Eq. (3.2a). There is unfortunately no minimum as a function of Λ: the χ 2 decreases slowly with Λ. We thus give results only for two representative values of this parameter. The pictorial representation of the fit is given in Fig.2a (for ep) and Fig. 2b for neutrino scattering, both for Λ = 0.14 GeV. Again the χ 2 /d.o.f. is slightly larger than one. Part of the discrepancy is due to the data, some of which is clearly incompatible with the rest. Also, one may substantially improve the χ 2 if introducing a free parameter in the definition of ν(Q 2 ), as shown e.g. in ref. 2. However, part of the disagreement is probably due to rigidity of the theoretical formulas, and perhaps even to true deviation fom the model which occur for "large" values of x. We will discuss this further in connection with the analysis of the Zeus data, and in Sect. 5.
Finally, the fact that the χ 2 decreases with Λ past reasonable values is an indication that we are getting here an effective value for this parameter, which compensates for the large size of the NLO corrections. Table V (Λ = 0.14 GeV), with neutrino data [15] We may consider fitting with the expanded version of the formula for F S , i.e., with
and now
The fit deteriorates clearly; the χ 2 is now of some 140, for 110-3 d.o.f. and Λ = 0.10. This shows that the exponentiated version of the formulas is to be preferred, as it probably sums at least part of the large NLO corrections. Because of this, we will henceforth consider only the exponentiated version of the equations. We next consider fits to the more recent Zeus data [4] . We will make two choices: first, we fit the neutrino data, and all ep points with x ≤ 0.01 using the formula (2.10a). The results are given in Table VI . The chi-squared is reasonable, as is the value of Λ. The values of all parameters are compatible with those found from the fits to the H1 data. The second possibility is to extend the range to x ≤ 0.025 and use Eq. (3.2), fixing Λ = 0.135. The results of the fit are shown in Fig. 3 . We do not show the fit to the neutrino data, which does not differ substantially from that of Fig. 2b . The χ 2 /d.o.f. is now of 226.1/(120-3). This, as the χ 2 /d.o.f. reported for the fit of data with x ≤ 0.01 in Table VI , are larger than their counterparts for the H1 data. A glance to Fig. 3 shows that part of the reason is the presence in the Zeus data of fluctuations, probably due to systematic errors not taken into account in the analysis, which become important for very large Q 2 . Thus, and although the Zeus data appear more precise than the H1 ones for the lower Q 2 range, 5 the last one are more reliable at large Q 2 . Neverteless, and as noted in the comments to the fit to H1 data, it is also clear that the theoretical predictions present systematic deviations from experiment, very likely due to the extension of the first beyond their range of validity by use of a semiphenomenological expression which is not sufficiently flexible; see Sect. 5 for more discussion on this. Apart from this, the results are good and the parameters of the fits reasonably compatible. The value of Λ is closer to the accepted one. 10 In this sense we may say that our analysis is sufficiently precise to predict the NS structure functions from F 2 only, and this in spite of the relative smallmess of F N S . Also this emphasizes the importance of including the neutrino data for a determination of Λ.
The gluon structure function.
We give here the parametrizations, to LO and NLO for the gluon structure function that follow from our determination of the parameters in the previous subsection. We have Table IVa for F 2 ), we find Finally, for the full set of points corresponding to a set of parameters intermediate between those given in Table V The corresponding graphs are shown in Fig. 4 , where we give both LO and NLO predictions.
There are unfortunately no direct measurements of F G with which to compare our calculations. Indirect estimates were made by the H1 collaboration, by fitting F 2 , F G with an exact coupled QCD evolution. The comparison with our calculations to LO may be found in ref. 1; the agreement is good, and indeed our estimates are more precise than the DGLAP calculation, afflicted by large extrapolation errors.
Predictions for the longitudinal structure function.
The NLO, O(α 2 s ) corrections to the longitudinal structure function are unfortunately very large; not because of the direct corrections, but due to corrections generated indirectly via the large NLO corrections to F 2 . Indeed, the value of R ′ is reduced by more than a half from LO to NLO. We give in Fig. 5 a plot of LO and NLO calculations. Using Eq. (2.14), and the parameters Λ = 0.20, λ = 0.38 (Table Ia) Figure 5 . Predictions for R ′ (0, Q 2 ) to LO and NLO. Hatched box: preliminary result from H1 [17] To get a further indication on the meaning of the results, we have also calculated R ′ from the effective fit at low energy of ref. 1, with λ = 0.324, and α s to two loops, but without other NLO corrections, taking n f = 3 below Q 2 = 12 GeV 2 , and n f = 4 above. This is the intermediate, discontinuous curve in Fig.  5 . Clearly, one would expect that the real R ′ would somehow interpolate between this, at low energy, and the full NLO curve, for very large Q 2 . The predictions should be checked against experiment when, and if, measurements independent of those of F 2 are performed at HERA. We have given the predictions for x = 0; the figures would not change much provided x ≤ 10 −2 .
THE SOFT-POMERON DOMINATED MODEL
As remarked in the Introduction, the result derived in the previous sections assume that the singlet structure functions are dominated, at small x, by the singularities of the matrix elements of the quark and gluon operators. We may instead hypothesize that these singularities lie to the left of n = 1, and then the small x behaviour is controlled by the singularities of the Wilson coefficients. Specifically, this occurs if one assumes that, for all Q 2 below a certain Q 2 0 of the order of a typical hadronic scale (say ∼ GeV), cross sections behave according to a standard soft-Pomeron dominance, σ tot (Q 2 0 , s) ≃ Constant, for Q 2 0 < ∼ 1 GeV 2 . We can then get the structure functions for small x by evolving with QCD the expressions corresponding to this, [9, 10, 11] F
We will present a sketchy derivation of the resulting formulas, to NLO. This is of interest because we use the moments method, instead of the Altarelli-Parisi equations employed in ref. 11, so we have a nontrivial check of the calculation there.
Theoretical calculations: F S and F G
Our starting point is the following relation, proved in ref. 6 to NLO,
Here a = α s (Q 2 )/4π, C (1) is the matrix of NLO corrections to the Wilson coefficients and
with S,γ defined before; explicit expressions for these quantities may be found in the Appendix. Here we only give the values, in the limit n → 1, of those of interest for us now. We have:
and, defining γ ij (n) ≃ r ij /(n − 1),
(4.4b)
Finally, C
(4.4c)
In the soft Pomeron hypothesis the behaviour of F S,G as x → 0 is, as discussed, dominated by the singularities of the C (1) (n), γ γ γ γ γ (0) (n), γ γ γ γ γ (1) (n) as n → 1, which in turn give those of the µ µ µ µ µ(n). From (4.2 -4) one easily finds,
(4.4d)
Note that, because for n → 1, d + (n) ≫ d − (n), only the term in α −d+(n) s (and not that in α −d−(n) s ) contributes. Next we evaluate b 1 in terms of F i (x, Q 2 0 ), assumed to behave as in (4.1) so that
This is accomplished using again (4.2) for Q = Q 0 , profiting from the independence of b 1 on Q 2 . The computation is straightforward and we find
(4.6)
Plugging the result into (4.4) we get
(4.7)
with d 0 , d 1 as in (4.4a). We then invert the Mellin transform. Generally, if
The proof is elementary and is obtained by substituting (4.9) and integrating. Thus we get the final result,
(4.11b)
Here k, k 1 are given in (4.4d) with the r ij of (4.4b., We have added an arbitrary factor (1 + δ) for reasons that will be clear later. In the soft Pomeron model, one of course has δ = 0. Numerically,
Eq. (4.11a) may be compared with the calculation of Ball and Forte. [11] We agree in the LO term, and in the coefficient of α s (Q 2 )/4π in the NLO term, but disagree in the coefficient of the α s (Q 2 0 )/4π term. This is not of great moment 7 since the numerical difference is slight, 22.19 vs 16.19. Eq. (4.11b) is given here for the first time.
NLO corrections are very large. Indeed, for fixed Q 2 , x → 0, the NLO correction overwhelms the LO part. This, together with the problem posed by the BFKL-Florentine terms [19, 20] x −ω0αs(ν 2 ) ; ω 0 = Constant will be discussed in Sect. 5.
Theoretical calculations: longitudinal structure function.
We define as before (Sect. 2.3) R ′ ≃ F L /F S . Because, in the soft Pomeron dominated model, the contribution to F L of F S is subleading with respect to that of F G in the x → 0 limit, it follows that we may, to errors of relative size 1/| log x|, neglect the contribution of F S to F L . For completeness, however, we will give the formula including this contribution of F S . We then have an equation similar to (2.13) , 12) and the C L are as in (2.12b).
We let
where the I i (0) are defined in (2.15 ). Then we get the NLO expression for R ′ ,
(4.14)
Because the NLO corrections are so large, we will use, instead of (4.14), a nonexpanded version for comparison with experiment. Removing also the contribution of F S the formula to be employed for numerical calculations is then,
(4.15)
Comparison with experiment.
For the soft Pomeron dominated model a very peculiar phenomenon occurs: the LO expressions produce fits better than the NLO ones. What is more, and unlike in the hard singularity case where we could blame the discrepancy on the large x points, here it is uniformly distributed. The strategy for comparison with experiment should be different now. First of all, we will not include a term like (1 − x) ν connected with the saturation of the momentum sum rule since it is now very small, and would arrange nothing. Secondly, we give parameters for the LO fit for the restricted (x ≤ 0.01) range, and we give results of the NLO calculation both for the restricted (x ≤ 0.01) and full ranges. These we will discuss in greater detail.
As stated we begin a LO calculation, fixing Λ(1 loop n f = 4) = 0.20 GeV, and taking for definiteness the H1 data, plus the neutrino data for stability. We find the results of Table VIIa. We consider next the NLO calculation which we split into two parts: restricted range, and full range. For the first we give the results of the calculation in Table VIIb . Only the H1 data are considered, for comparison with Table VIIa . As mentioned, the chi-sqared has clearly deteriorated, 8 although the values of Q 2 0 , B N S are more realistic now. The value of Λ, also fitted, is reasonable.
For the full range we give the results of the fits to both H1 and Zeus data in Tables VIII. For the H1 set there is no reasonable minimum for Λ; for Zeus the optimum is for Λ = 0.165 GeV. Thus we fix this value for both sets of data. Our results are consistent among themselves, and essentially so when compared with an existing NLO calculation, based on H1 data [21] ; the comparison with the Zeus data for x ≤ 0.025 is shown in Fig. 6 . The results may be compared with the ones obtained if not including the NLO correction: we would have obtained, for the generally prefered value Λ = 0.23 GeV,
The situation is somewhat unpleasant. To make it worse, we mention that, if we delete the term in α s (Q 2 0 ) in Eq. (4.11a), by simply putting δ = −1 there, the quality of the fit improves substantially: to a chisquared/d.o.f. of 141.4 120 for Zeus data, and 78.1 110−3 for H1, with Λ = 0.23 GeV.
It is difficult to draw a clear-cut conclusion from this. At any rate, in all cases the fits are comparable in quality to those obtained with the hard singularity hypothesis, and reasonably good; some more discussion will be given in Sect. 5. In what regards the longitudinal function, the predictions and comparison with experimental data are depicted in Fig. 7 , both the LO prediction based on the parameters of Table VII, and the NLO ones using the figures from Table VIIIa. Like in the hard singularity case, and for the same reason (large size of NLO corrections to F S ) there is a dramatic decrease between LO and NLO predictions, particularly for "large" values of x. NLO results, depicted for various values of x in the figure are below the data; in particular, the ones at x ∼ 0.05. One cannot, nevertheless, consider the disagreement with experiment to be serious given the errors both of it and of the theory. 
DISCUSSION
It may appear strange that two mutually contradictory hypotheses, leading to so apparently different behaviours as the soft and hard Pomeron ones produce both results in fair agreement with the data. The reason, however, is not difficult to find: both behaviours solve the QCD evolution equations, so the agreement of the calculations with experiment only depends essentially on the theoretical formulas fitting experiment at one value Q 2 1 , say Q 2 1 = 12 GeV 2 , and on the validity of QCD for the subsequent evolution for larger Q 2 at small x.
Of course another possibility is that one has, at a low Q 2 0 , a behaviour sum of the hard and soft Pomeron ones, σ(Q 2 0 , s) ≃ c + bs λ . (5.1)
Although this implies that in the strict x → 0 limit the hard singularity will dominate, for finite x, if c ≪ b, both soft and hard singularities will contribute comparable amounts. In this context it may be remarked that a behaviour like that in (5.1) has been shown [22, 1] to describe very well photoproduction (Q 2 = 0) with constants precisely in the relation c ≪ b. If this persists up to Q 2 0 ∼ a few GeV 2 , the mixed behaviour would be indicated. Needless to say, since both soft and hard-singularity dominated behaviours fit the data a mixed one will do so even better: for example, the deficiencies of the hard singularity picture at "large" x, and of the soft Pomeron one at all x, discussed in connection with the fit to the Zeus data, would likely be at least partially cured, 9 as would the smallness of R in the soft Pomeron picture. We propose to investigate this possibility in future work.
So much for experimental verifications, that only really check QCD. From a purely theoretical point of view, the situation is also not clear. The NS structure functions are certainly dominated by the singularities of the matrix elements, not those of the anomalous dimensions, so consistency might lead to the conclusion that the same would be the case for the singlet ones. However, the degree of the singularities for the γ N S (n) increases with the order: γ N S (n) ∼ n −2 . For the singlet case, however, the degree of the singularity is the same at LO and NLO; the terms proportional to (n − 1) −2 in Eqs. (A.5) have coefficients that cancel one against the other at n = 1 leaving a (n − 1) −1 singularity just as in the LO case. This would point to a difference between the singlet and nonsinglet functions and appear to favour the soft Pomeron hypothesis.
More serious are the following objections: first, in the soft Pomeron case, the NLO overwhelms the LO term for small x (as ∼ α s √ log x), so the soft Pomeron-inspired formulas must necessarily fail for the strict x → 0 limit. This is not the case for the hard singularity behaviour. Secondly, a power behaviour seems to be indicated for consistency with the γ * γ scattering case, where it has been shown to occur [23] . Finally, we have the following argument. By Reggeon calculus methods or summing ladder graphs, the authors of refs. 19, 20 have, at tree level, found the behaviour
This poses no threat to the hard singularity behaviour since (5.2) is subdominant with respect to x −λ if, as seems natural, the argument of α s in (5.2) is proportional to Q 2 ; but it is incompatible with the soft Pomeron hypothesis because (5.2) dominates it. However, there is a way out if the argument of α s was the hadronic energy, s ∼ Q 2 /x for then, as x → 0, the r. h. s. of (5.2) would become merely a constant. So long as loop corrections to (5.2) are not evaluated one cannot be certain of what it exactly means. We leave the discussion here. Clearly, more precise data and better theoretical understanding, in particular of nonperturbative effects, is necessary to clarify the situation.
APPENDIX
In this Appendix we present the full collection of formulas necessary to evaluate electroproduction to NLO. Leading order quantities.
Here, γ 3 8 n f n 2 + n + 2 n(n + 1)(n + 2) n 2 + n + 2 2n(n 2 − 1)
33 − 2n f 16 + 9 4 1 n(n − 1)
We define, generally, the functions
The matrix that diagonalizes D(n) is S(n),
with the eigenvalues ordered so that d + > d − . S may be written as
Nonsinglet NLO quantities. We will not give explicit formulas for the C
N S (n), which may be found, misprint free, in refs. 6, 7. We will only present a few figures for relevant values of n from which good interpolation formulas may be written. One has C Note that C (1) N S (n) is independent of n f . Singlet NLO quantities.
The four quantities C ij (n) may be found in ref. 6 . Here we give only the two that enter the calculation for ep scattering. With C F = 4/3, C A = 3, T F = 1/2,
− S 1 (n) n 2 + n + 2 n(n + 1)(n + 2)
Finally, for the NLO anomalous dimension matrix γ γ γ γ γ (1) (n) we have the following expressions:
151n 4 + 236n 3 + 88n 2 + 3n + 18 n 3 (n + 1) 3 + 8 2n 2 + 2n + 1 n 3 (n + 1) 3
n 2 + n + 2 n(n + 1)(n + 2) +8S 1 (n) 2n + 3 (n + 1) 2 (n + 2) 2 + 3n 4 + 15n 3 + 29n 2 + 50n + 44 n(n + 1) 3 (n + 2) 3 + 2n 9 + 12n 8 + 27n 7 + 38n 6 + 58n 5 + 149n 4 + 262n 3 + 252n 2 + 128n + 32 (n − 1)n 3 (n + 1) 3 (n + 2) 3 +8n f T F C F 2S 2 1 (n) − 2S 2 (n) + 5 n 2 + n + 2 n(n + 1)(n + 2) − 4S 1 (n) n 2 + 11n 4 + 26n 3 + 15n 2 + 8n + 4 n 3 (n + 1) 3 (n + 2) .
(A.5b)
This corrects a misprint in ref. 8 ( a figure 262n 3 instead of 26n 3 in the third line).
−γ
(1)
n 2 + n + 2 (n 2 − 1)n − 4S 1 (n) (n + 1) 2 − 12n 6 + 30n 5 + 43n 4 + 28n 3 − n 2 − 12n − 4 (n − 1)n 3 (n + 1) 3 +8C F C A S 2 1 (n) + S 2 (n) − S + 2 ( 1 2 n) n 2 + n + 2 n(n 2 − 1) −S 1 (n) 17n 4 + 41n 2 − 22n − 12 3(n − 1) 2 n 2 (n + 1) + n 3 + n 2 + 4n + 2 n 3 (n + 1) 3 + 109n 8 + 512n 7 + 879n 6 + 772n 5 − 104n 4 − 954n 3 − 278n 2 + 288n + 72 9(n − 1) 2 n 3 (n + 1) 2 (n + 2) 2 + 32 3 n f T F C F S 1 (n) − 8 3 n 2 + n + 2 n(n 2 − 1) + 1 (n + 1) 2 ;
(A.5c) γ (1) 22 (n) = n f T F C A − 160 9 S 1 (n) + 32 3 + 16 9 38n 4 + 76n 3 + 94n 2 + 56n + 12 (n − 1)n 2 (n + 1) 2 (n + 2) +n f T F C F 8 + 16 2n 6 + 4n 5 + n 4 − 10n 3 − 5n 2 − 4n − 4 (n − 1)n 3 (n + 1) 3 (n + 2) +C 2 A −16S 1 (n)S 2 (n) + 32S(n) − 4S + 3 ( 1 2 n) +32S 1 (n) 67 36 + 1 (n − 1) 2 − 1 n 2 + 1 (n + 1) 2 − 1 (n + 2) 2 +16S 2 (n) 1 n − 1 − 1 n + 1 n + 1 − 1 n + 2 +16 S 2 (n) − S + 2 ( 1 2 n) S 1 (n) − 1 n(n − 1) − 1 (n + 1)(n + 2) This last corrects two misprints of ref. 8 , a factor n f T F ≡ T R instead of T A in the first line, and a sign, +1/(n + 1) 2 instead of −1/(n + 1) 2 in the fourth line.
We finish by giving two values of the C
ij , γ
ij of interest and tables with a few listings, sufficient for the calculations we are interested in. As for the first, we have C (1) 11 (2) = 4 9 , C We give the following tables: first, a table for the γ (1) ij . For this, define n = 1 + λ, and write γ (1) ij (n) ≡ a ij (n) + n f b ij (n).
Then, a 12 = 0 and Alternatively, we may give the tables for the quantities relevant for the exponential expression, q S and c S ,
× α s (Q 2 ) −d+(1+λ) e qS (1+λ)αs(Q 2 )/4π x −λ , with c S = C For the gluon structure function, 
One has, Coefficients and integrals for the longitudinal structure function. We give the coefficient functions for ep scattering, with unified notation. With the definitions of Eqs. 
